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The Abundancy Index: Tracking Down Outlaws
Laura Czarnecki ’08 and Judy Holdener   Department of Mathematics   Kenyon College
Introduction:
Perfect numbers have been objects of study since the time of the
ancient Greeks. A perfect number is a positive integer such that
, where denotes the sum of divisors function.
One of the questions that has puzzled mathematicians for millennia is
that of the existence of an odd perfect number. Over time this question
has been approached in various ways, but no one has been able to
provide an answer. In my research this summer, I joined Judy Holdener
in her attempt to gain insight into this problem by way of a function
called the abundancy index. The abundancy index of a positive
integer is defined as . As alluded to above, if , then is
a perfect number. If then is abundant; deficient numbers are
those with abundancy less than . Related to the concept of abundancy
is the idea of an abundancy outlaw. Any rational number in that is
not the abundancy index of some positive integer is called an
abundancy outlaw. In other words, the rational number is an abundancy
outlaw if and only if there is no positive integer such that
. The following results provide criteria by which certain
rational numbers in may be characterized as abundancy indexes
or abundancy outlaws.
Preliminaries:
Here are several facts that are integral to the proofs of the following 
results:
1. If                       and                , then          .
2. If          , then                         .
3. If                      and                 , then      is an abundancy outlaw [6].
Proof of Fact #2:
Note that since                    , we may write                                 , where
. Similarly, we may write                     . (Here we consider only 
the positive divisors of     and    .)  Since          , the set of all divisors      
of      is a subset of the set of all divisors       of      , so                      ; 
therefore                         .
Main Results:
Theorem 1: If        is a rational number greater than    in reduced form,      is an 
abundancy index for some        N, and    has a divisor                         such that
for all                     , then                  is an abundancy index as well.
Proof:
Suppose that                      for some        N. By Property 1 we know that           , 
since                 . Since                                         for all                  , we know that it is 
impossible that                 by the contrapositive of Property 2. However, we know (by 
Property 1) that           , so           does not divide    . Thus we may write
, where                  for all   , that is,                  . Then since
is multiplicative, we may write                                     . Therefore
. Thus if                     for some        N, then                         for 
some       N.
Corollary: Let                   be natural numbers. If                               is in reduced 
form with                        and                                                for all                   , then
is an abundancy index if                              is an index.
Theorem 2: If                  are primes satisfying                       , then
is an outlaw.
Proof:
Suppose that                                                       for some        N. Since
, by Property 1 we know that           . If             , then
. Simplifying, this becomes
, and then                         . This contradicts 
our hypothesis that                       , and so          cannot divide     . Therefore we may 
write                 , where                 . From this it follows that                                 , so
, which with a bit of simplification becomes
. We can use Property 3 to show that this ratio is an outlaw, which in 
turn allows us to conclude that                         is an outlaw.
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Applications:
The following sequences of outlaws were produced by Theorem 2. In the first 
sequence,          and     ranges from      to     . In the second sequence,           and 
ranges from      to     :  
3q p 13 73 5q p
23 79
If, in the corollary, we have           and            for some prime    , then this 
corollary tells us that if                              is an index, then 
is as well. The fractions                  and      all illustrate this fact. If we could 
determine that these are indeed indexes, then we could say that               and     , 
all of the form                , are indexes as well. Ratios of the form              continue 
to elude characterization as indexes or outlaws. This is significant because P.A. 
Weiner proved that if there exists an integer     with abundancy   , then        is an 
odd perfect number. The fraction     is of the form                for           [6].
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Conclusion:
These results allow is to move a few more numbers in           from the set of infinitely 
many ratios that we are unable to classify, into the infinite set of ratios that cannot be 
the abundancy index of any integer. Furthermore, we can see that certain fractions are 
linked to others in important ways: determining the status of a given rational can lead to 
the classification of new outlaws and indexes. If the converse of Theorem 1 could be 
proved, then we would be able to divide certain ratios into equivalence classes of sorts, 
that is, sets of ratios with the same abundancy status. However, the question of the 
existence of an odd perfect number remains as maddeningly elusive as ever.
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